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Abstract
We present news path integral studies on the Polyakov Non-Critical and Nambu-Goto
critical strings theories and its applications to Q.C.D. (SU(∞)) interquark potential.
We also evaluate the long distance asymptotic behavior of the interquark potential
on the Nambu-Goto string theory with an extrinsic term and in Polyakov’s string at
D → ∞. We also propose an alternative and new view to covariant Polyakov’s string
path integral with a fourth-order two-dimensional quantum gravity, useful as an effective
stringy description for Q.C.D.(SU(∞)) at the deep infrared region.
1 Introduction
One of the most promising mathematical formalism for a physically sensible description of
strong interactions is quantum chromodynamics. In strong interaction physics the image of an
physically detectable mesonic quantum excitations is, for instance, the quantum mechanical
color invariant probability of the appearance of a pair quark-antiquark bounding a space-time
non abelian gluon surface connecting both the pair’s particle.
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It appears tantalizing for mathematical formulations to consider as fundamental gauge in-
variant dynamical variable, the famous quantum Wilson loop, with the loop C (defining the
non-abelian holonomy factor); being given by the quark-antiquark (space-time) Feynman tra-
jectory ([1], [2]).
It is thus searched loop space dynamical equations (at least on the Lattice on the formal
grounds) for the quantum Wilson loop wich supports hopes for a complete bosonic random
surface-bosonic string solution for euclidean Q.C.D., at least at the large number of colors ([1]).
It is natural thus to study path integral geometrodynamical random surfaces-string propa-
gators in order to make such connection between string and QCD mathematically more precise
([3]), at least at the infrared region.
This paper is organized as follows: In section 2, we present a detailed stuty of the Nambu-
Goto string path integral. In section 3 and appendixes A and B, we extend the results of section
2 to the case of the presence of extrinsic geometry. In the section 3 also, we present a new
result on the large distance asymptotic behavior of the interquark potential by supposing QCD
represented by the Nambu-Goto extrinsic string at large distance.
In section 4 and appendix C, we present a new proposal for the Polyakov’s Non-Critical
String.
In section 5, we deduce the interquark potential in the Polyakov’s covariant string path
integral at the limit D → +∞.
In section 6, we propose surface (string) area functionals as non perturbative quantum states
of the QCD(SU(∞)) vacuum structure.
2 Basics Results on the Classical Bosonic Surface The-
ory and the Nambu-Goto String Path Integral
Let us start our considerations by considering a given continuously differentiable globally ori-
entable; compact surface S, with a boundary given by a non self-intersecting smooth curve
C and fully immerse on the space-time RD. Its mathematical description is described by a
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C1(Ω) two-dimensional vector field Xµ(ξ1, ξ2), (µ = 1, . . . , D) on a two-dimensional domain Ω
(compatible with the fixed-prescribed topology of S).
The Nambu-Goto-Buff-Lovett-Stillinger ([1]) area is given by the usual geometric integral
((ξ1, ξ2) := ξ)
A(Sc) =
∫
Ω
(det{hab(ξ)})1/2d2ξ (1)
with hab(ξ) = (∂aX
µ∂bXµ)(ξ) denotes the metric tensor induced on the surface Sc.
Note that the scalar of curvature R(Xµ) = {hab(Ric)ab}(Xµ(ξ));
[
Ricab(X
µ(ξ)) = Rabcd =
1
2
(
∂2hac
∂xb∂xd
− ∂hbc
∂xa∂xd
− ∂2
∂xb∂xc
+ ∂
2gcd
∂xa∂xc
+ grs(Γ
r
acΓ
s
bd − ΓradΓsbc)
)
Rcacb(X
µ(ξ)) = (∂cΓ
c
ba − ∂bΓcca +
ΓdbaΓ
c
cd−ΓdcaΓcbd)(Xµ(ξ)), with naturally Γabc = (12har( ∂∂ξbhrc+ ∂∂ξchrb− ∂∂ξrhbc))
]
; must satisfy the
topological constraint that originates from the Gauss theorem. For the case of boundaryless
compact surfaces without “handles”
1
2π
(∫
Ω
(
√
hR)(Xµ(ξ))d2ξ
)
= 2− 2g, (2)
where g denotes the number of “holes” of Sc.
Note again that the domain Ω must be compatible with the surface topology ([4]).
The most important property of the above written functionals on the Riemman surface Sc
{(we point out that under the above mathematical imposed conditions on the surface Sc added
with an additional assumption of C∞-differentiability, it is a mathematical consequence that
Sc may be endowed now with a complex structure, turning it a Riemman surface, paramtrized
by holomorphic vector fields on Ω ⊂ R2; Xµ(ξ1, ξ2) = Xµ(z) with z = ξ1 + iξ2, i =
√−1)} is
the local invariance under the group of local diffeomorphism of the surface S
ξ′a − ξa = δξa =: Ea(ξ)
δXµ(ξ) = Ea(ξ)∂aXµ(ξ).
(3)
It is worth that the above pointed out invariance under the diffeomorphism local group of
the surface Sc, can be extended to the global diffeomorphism case, only for trivial topological
surfaces with g = 0 (no “handles”) (see eq.(2)).
Let us thus follow R.P. Feynman in his theory of path integration sum over “classical-
random” histories of a quantum system (with a classical mechanical system counter-part as in
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our case: The Correspondence Principle of Quantum Mechanics in action), in order to quantize
our string theory (the curve C can be considered as our classical string and the surface Sc
denotes its euclidean quantum trajectory in the space-time RD), through an anihillation string
process).
G(C) =
∞∑
g=0
{∫
Xµ(ξ)|ξ∈∂Ω=Cµ(σ)
dhµ[Xµ(ξ)]× exp
{
− 1
2πα′
A(Sc)
}
×δ(F )
([∫
C
Kh(σ)dσ +
1
2π
∫
(
√
hR)(Xµ(ξ))− (2− 2g)
])}
. (4)
Here α′ denotes the Regge slope parameter which has the dimension of inverse of mass
square (in universal units ~ = c = 1). Here Kh(σ) is the geodesic curvature of the surfaces
boundary C.
The above written non-polinomial 2D quantum field theory is somewhat complicated in its
methematical perturbative calculational structure, since dµh(X
µ(ξ)) is not the usual Feynman
product measure, but the “weighted” product Feynman measure, in order to preserve the
invariance of the geometrodynamical string propagator eq.(4) under the action of the main
theory’s symmetry eq.(3). Explicitly
dhµ[X
µ(ξ)] :=
∏
ξ∈Ω
[
(
h(X(ξ))
)1/4
dXµ(ξ)]. (5)
The above written local diffeomorphism invariant functional measure on the string vector
position is obtained form the local diffeomorphism invariant functional Riemann metric
||δXµ||2 =
∫
Ω
(h(Xµ(ξ))1/2(δXµ)(ξ)(δXµ)(ξ)d
2ξ. (6)
However the first step to evaluate the so called Nambu-Goto string path integral eq.(4) is
to consider the quantization process as “quantum fluctuations” around the classical system
motion (R.P. Feynman):
Xµ(ξ) = X
CL
µ (ξ) +
(√
πα′
)
Xµ(ξ) (~ = 1). (7)
The classical dynamics is given by Euler-Lagrange equations associated to the surface area
functional under the topological constraint eq.(2). And before proceeding, we remark that is
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only in this step and on the topological form of Ω where the topological constraint is taken into
account. As a consequence we can disregard explicitly the functional topological constraint on
eq.(4). We have thus, the classical motion equations (a Dirichlet nonlinear problem)
∆hX
CL
µ (ξ) = 0
XCLµ (ξ)|ξ∈∂Ω = Cµ.
(8)
Here ∆h denotes the second-order elliptic operator called Laplace-Beltrami associated to
the metric
hab(ξ) = hab(X
CL
µ (ξ)) = (∂aX
µ,CL∂bX
CL
µ )(ξ).
∆h =
(
1√
h
∂a(
√
h hab∂b)
)
(ξ). (9)
At this point, one most use formally, at least for trivial topological surfaces Sc, the hypothesis
of the global extension of the local diffeomorphism group of the surface Sc, in order to use
globally on Sc the conformal coordinate system
ξ′1 = ξ
′
1(ξ1, ξ2); ξ
′
2 = ξ
′
2(ξ1, ξ2).
hab(X
′µ(ξ′)) = ρ2(X
′µ(ξ′))δab. (10)
The new coordinates are given by the global (or local) diffeomorphic solutions of the Laplace-
Beltrami: equations given below (i =
√−1)
dξ′1 + idξ
′
2 = λ(ξ1, ξ2)
(√
h11(Xµ(ξ))dξ1
+
(h12(Xµ(ξ)) + i
√
h(Xµ(ξ)))√
h11(Xµ(ξ))
dξ2
)
(11-a)
dξ′1 − idξ′2 = µ(ξ1, ξ2)
(√
h11(Xµ(ξ)) dξ1
+
((h12(Xµ(ξ))− i√h(Xµ(ξ)))√
h11(Xµ(ξ))
)
dξ2
)
. (11-b)
In this new coordinate system on Sc ([4])
hab(X
′
µ(ξ
′)) = ρ2(ξ′)δab =
(
1
|λµ|(ξ(ξ′))
)
δab. (12)
5
If one now choose the conformal gauge for the surface Sc hab(ξ) = e
ϕ(ξ)δab(ϕ(ξ) = 2 ln ρ(ξ)),
one reduces the string non Linear elliptic problem eq.(8) to the well-studied Dirichlet problem
in Ω 

∆h=δabX
′
µ(ξ
′) = 0
X ′µ(ξ
′)|ξ′∈∂Ω′ = C ′µ.
(13)
Note that the problem full solution is given by
XCLµ (ξ) = X
′
µ(ξ
′(ξ)). (14)
The solution of eq.(13) can be always be analyzed by methods of conformal complex variable
methods ([4], [5]) specially for the trivial topological case (connected planar Ω′) ([4]).
Unfortunatelly, it appears that the resulting quantum theory (path integral) for eq.(4)–
eq.(5) still remains as an open problem, from a purely perturbative approach around the loop-
expansions in a α′ – power expansion.1
However in the simply case of the domain Ω(R,T ) being a rectangle of sizes 0 ≤ ξ1 ≤ R;
0 ≤ ξ2 ≤ T , an exact very useful one-loop result can be obtained (Note that C = ∂Ω).
It is straightforward to see that
S[X
µ
(ξ1, ξ2)] =
1
2πα′
(RT )+
+
1
2
∫ T
0
dξ2
∫ R
0
dξ1(∂X
µ
(ξ))2 +O(α
′2). (15-a)
dhµ[X
µ
(ξ1, ξ2)] = D
F [X
µ
(ξ1, ξ2)] +O(α
′). (15-b)
1
a) hab(ξ) =


hCLab︷ ︸︸ ︷
∂aX
µ,CL∂bX
µ,CL+(piα′)
h
q
ab︷ ︸︸ ︷
∂aX
µ
∂bX
µ

 (ξ)
b)
√
h(ξ) =
√
hCL(ξ) exp
{
−1
2
∞∑
n=1
(−1)n(piα′)n
n
(h−1,CLab · hba)n(ξ)
}
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This leads to the result
G(C[R,T ]) = exp
{
− 1
2πα′
RT
}
×
(
det
Ω(R,T )
(−∆)
)−( (D−2)
2
)
. (16)
By noting the explicit (non-trivial) evaluation of the functional determinant of the Laplacean
on the Torus Ω(R,T ) with Dirichlet conditions ([7], vol II):(
det
Ω(R,T )
(−∆)
)−1/2
=
1
(T
R
)1/2
[ (
e−
4piT
R
)−1/24
×
( ∞∏
n=1
(1− e− 2pinTR )−2
)]
, (17)
one can see that the quantum strong ground state has the “confining behavior” with the
Coulomb-Lu¨scher term as its energy on this one-loop approximation
EVacuum(R) = lim
T→+∞
{
− 1
T
lnG(C(R,T ))
}
=
(
R
2πα′
)
−
(
π(D − 2)
6
· 1
R
)
. (18)
Unfortunatelly ths string scattering amplitudes were never evaluated in a undisputable form
in this Nambu-Goto string theory, unless on the light-cone gauge by S. Mandelstam ([3], [6]).
As a consequence of the above mathematical aspects on the Nambu-Goto quantum string
theory, A.M. Polyakov has proposed a new functional integral approach to overcame some of
the above difficulties.
The complete mathematical exposition of the A.M. Polyakov propose will be exposed (in
details) on next section.
As a final comment let us try to evaluate the Nambu-Goto string path integral through
the use of the conformal gauge as given by eq.(12). In this case (the so called light – cone
gauge), we have the following constraints, after introducing the complex-light-cone euclidean
coordinate on the domain Ω
∂+ =
(∂ξ′1 − i∂ξ′2)
2
= ∂z
∂− =
(∂ξ′1 + i∂ξ′2)
2
= ∂z¯ .
(19)
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We have that
∂+X
′
µ∂+X
′
µ = ∂−X
′
µ∂−X
′
µ(⇔ ∂ξ′1X ′µ∂ξ′2X ′µ = h12 = h21 = 0) (20-a)√
h(X ′µ(ξ′)) = ∂+X
′
µ∂−X
′
µ(⇔ h11 = h22 = ∂+X ′µ∂−X ′µ). (20-b)
In this gauge the path integral eq.(4) for C = {φ} (the string partition functional) takes
the form (for the simple case of trivial topology surface g = 0).
Z =
∫
dhµ[X
′
µ(z)] exp
{
− 1
2πα′
∫
Ω
(
dz ∧ dz¯
2i
)
× (∂zX ′µ)(∂z¯X ′µ)(z, z¯)
}
× δ(F )[(∂zX ′µ∂zX ′µ)]× δ(F )[(∂z¯X ′µ∂z¯X ′µ)]. (21)
Note that in the practical use of eq.(1) to evaluate string observable average, one already
uses the observable on the light-cone gauge eq.(20), which by its turn suppress the explicitly
use of the above written delta functionals insuring that Feynman-Wiener measure dhµ[X
′
µ(ξ)]
is already in this gauge.
It has been proved by my self ([1]) that the non-linear measure dhµ[X
′
µ(ξ)] on the light-cone
gauge can be related by the A.M. Polyakov-Strominger-Fujikawa conformal anomaly factor to
the Feynman-Wiener simply weighted measure
dhµ[X
′
µ(ξ)] =

 ∏
(µ,z,z¯)
dXµ(z, z
′)

×
×
{
δ(2)(0)
4
∫
Ω
ln(h(Xµ(z, z)))dz dz¯
}
×
× exp
{
−(26−D)
48π
∫
Ω
dzdz¯
2
[
∂+(∂+Xµ∂−Xµ) · ∂−(∂+Xµ∂−Xµ)
(∂+Xµ∂−Xµ)2
]
(z, z)
}
. (22)
One can see thus that only at D = 26, the pure bosonic Nambu-Goto string is described by
massless scalar fields on the string domain Ω, if one uses formally the Bollini-Giambiagi dimen-
sional regularization scheme to assign the unity value for the tad-poles Feynman diagramms2
2 If ∆(ξ) =
∫
dDk
(2pi)D/2
eikξ
kβ
with β ∈ R, then on the dimensional regularization scheme ∆(0) = ∫ dDk|K|−β =
0, even if β = 0.
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([1], [4]), through a not completely understood Feynman diagrammatics for two-dimensional
(mathematically ill defined) Massless scalar fields for Ω = R2 (the so called Coleman theorem
([1])).
However, One can follows the Virassoro-Sakita proposal to evaluate string scattering am-
plitudes using scalar vertex without bothering ourselve with gauge fixed technical details ([3]).
We thus use the path integral eq.(21) for Ω = R2 in order to evaluate the closed string
(scalar) N -point scattering amplitude at D = 26 (with δ(2)(0) = 0)
A(ρµ1 , . . . , ρ
µ
N) =
1
Z
{∫
DF [Xµ(ξ)] exp
[
− 1
2πα′
∫
R2
(∂Xµ · ∂Xµ)(ξ)d2ξ
]
×
[∫
R2N
d2ξj
N∏
j=1
exp(iρjµ ·Xµ)(ξj)
]}
. (23)
Since eq.(23) is formally a Gaussian Functional Integer and we can re-write the scalar vertexs
as string vector position source (i =
√−1)(
N∏
j=1
exp(iρjµXµ)(ξj)
)
= exp
{
i
[
N∑
j=1
∫
R2
(ρjµδ
(2)(ξ − ξj))Xµ(ξ)d2ξ
]}
, (24)
and by using the dimensional regularization technique to vanish the tad-pole term
exp
{
−
N∑
j=1
(ρjµ)
2(−∆)−1(ξj, ξj)
}
= 1. (25)
One gets the well-known closed Veneziano N -point amplitude as a result in R26 ([3]. [6])
A(ρµ1 , . . . , ρ
µ
N ) =
∫
R2N
d2ξ1 . . . d
2ξN×
×
N∏
i<j
(
|ξi − ξj|
(ρ
µ
i
,ρ
µ
j
)
piα′
)
(26)
3 The Nambu-Goto Extrinsic Path String
Another important classical local diffeomorphism invariant surface functional, closely related
to the Q.C.D. (SU(∞)) string ([1]) is the so-called extrinsic functional which is defined by the
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square of the surface mean curvature (see eq.(9)), with γ ∈ R
Fexta(S) = γ2
∫
Ω
[
√
h (∆hXµ)
2](ξ)d2ξ. (27)
Let us add such functional to the area functional eq.(1) and consider the associated string
path integral propagator eq.(4) (in the trivial topological sector of surface Sc).
G(C) =
∫
Xµ(ξ)|ξ∈∂Ω=Cµ(σ)
dhµ[Xµ(ξ)]
× exp
{
− 1
2πα′
∫
Ω
(h(Xµ(ξ)))
1/2d2ξ
}
× exp
{
−γ2
∫
Ω
[
√
h(∆hXµ)
2](ξ)d2ξ
}
. (28)
Let us note that even by using the light-cone string coordinate system, One still has a
non-polinomial interacting quantum two-dimensional SO(D) scalar field theory.
Namelly
G(C) =
∫
dhµ[X
′
µ(z, z¯)]×
× exp
{
− 1
πα′
∫
Ω
dzdz¯
(
1
2
(∂+X
′µ)(∂−X
′µ)
)
(z, z¯)
}
×
× exp
{
−γ2
∫
Ω
dzdz¯
[
(∂2+X
′µ)(∂2−X
′µ)
(∂+X
′µ)(∂−X
′µ)
]}
×
× δ(F )[(∂+X ′µ · ∂+X ′µ)]×
× δ(F )[(∂−X ′µ · ∂−X ′µ)]. (29)
However one can evaluate formally scattering amplitudes as done previously (see eq.(23)) by
considering the string quantum trajectory as a small perturbation around the flat metric. The
outcome is the following one-loop string scalar scattering amplitude that should be compared
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with the Nambu-Goto case of the previous section eq.(23)
A(ρµ1 , . . . , ρ
µ
N ) =
1
Z
{∫
DF [Xµ(ξ)]×
× exp
[
− 1
πα′
∫
R2
1
2
(∂Xµ∂Xµ)(ξ)d
2ξ
]
×
× exp
[
−γ2
∫
R2
(∂2Xµ)(∂
2Xµ)(ξ)d
2ξ
]
×
×
[∫
R2N
d2ξj
(
N∏
j=1
exp(iρjµXµ)(ξj)
)]}
. (30)
Since eq.(30) is a Gaussian Functional Integral, One obtains an exactly result, where we
have used the result[
1
(πα′)
(−∂2) + γ(∂2)2
]−1
(ξ, ξ′)
:= πα′
[(
− 1
2π
ln |ξ − ξ′|
)
− 1
2π
(
K0
((
1
πα′γ2
)1/2
|ξ − ξ′|
))]
. (31)
Namelly:
A(ρµ1 , . . . , ρ
µ
N)
=
∫
R2N
d2ξ1 . . . d
2ξN
×
(
N∏
i<j
(ξi − ξj)
(ρ
µ
i
,ρ
µ
j
)
piα′
)
×
(
exp
[
−α
′
2
N∑
i<j
K0
((
1
πα′γ2
)1/2
|ξi − ξj|
)])
. (32)
Unfortunatelly, it appears that the corrections coming from the string extrinsic functions
do not modify the usual Veneziano-Virassoro bosonic closed string spectrum. But a clear proof
of this no go result is still missing.
At this point we analyze the vacuum string energy for the domain ΩR,T ) being a rectangle
of sizes 0 ≤ ξ1 ≤ R; 0 ≤ ξ2 ≤ T through a one-loop approximation in the Regge slope constant
α′ (see eq.(15-a) of the previous section).
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In this case we have the exact result
G[C(R,T )] = exp
{
− 1
2πα′
RT
}
×
×
[
det
Ω(R,T )
(
γ2(−∂2)
(
1
γ2
+ (−∂2)
))]− (D−2)
2
. (33)
The evaluation of the fourth-order elliptic operator (with Dirichlet conditions) can be ac-
complished through the result
[
det
Ω(R,T )
(
γ2(−∂2)
(
1
γ2
+ (−∂2)
))]− (D−2)
2
=
[(
− (D−2)
2
det
Ω(R,T )
[(−∂2)]
)
×
(
− (D−2)
2
det
Ω(R,T )
[
1
γ2
+ (−∂2)
])]
. (34)
But functional determinants have been evaluated in the literature ([7]). (See eq.([7])). The
second order massive operator has the following result
− (D−2)
2
det
[
(−∂2) + 1
γ2
]
= exp
{(D − 2)πT
R
(1
6
− R
γ22π
+
(
R
2πγ2
)2
ln
(
4πe−γˆ
R
)
+
1
2
(
R
2πγ2
)4(∫ 1
0
dx(1− x)
∞∑
n=1
(n2 + x
(
R
2πγ2
)2)− 32 )}
×


+∞∏
n=−∞



1− exp



−2πT
R
√
n2 +
(
R
2πγ2
)2








−(D−2)
. (35)
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Let us remark that
(
t = R
2piγ2
)
(appendix B)
∫ 1
0
dx(1− x)

 1(
n2 + x
(
R
2piγ2
)2)3/2


= − 2
t2
(
1
(n2 + t2)1/2
)
+
2n2
t4(n2 + t2)1/2
+
2
t2n
− 2
t4
(n2 + t2)1/2. (36)
which unfortunatelly leads to an – in principle – divergence on the string path integral G(CR,T )
for the extrinsic string. However it is possible to get a somewhat phenomenological finite result
for the vacuum energy (the interquark potential) for large R (R→∞)
EVac(R) = lim
T→∞
{
− 1
T
lnG(C(R,T ))
}
. (37)
The point is that for large R (R→∞), the Epstein sum below written has a finite asymp-
totic behavior (see appendix A for a detailed evaluation), s ∈ R
Sepst(s, a
2) :=
∞∑
n=1
(
1
(n2 + a2)s
)
=
1
Γ(s)


∫ ∞
0
dU Us−1 · e−Ua2

Tr


C2([0, 1])
f(0) = f(1) = 0


(
eU(−
d2
dz2
)
)




a→∞∼
(
1
4πΓ(s)
)[
(a2)−(S−
3
2
+1)
]
. (38)
As a consequence of the finite behavior eq.(38), One has the asymptotic (distributional L.
Schwartz sense)
∞∑
n=1
1(
n2 + x
(
R
2piγ2
)2) R→∞∼ 1
2(π)3/2x
(
R
2piγ2
)2 . (39)
After substituting this (formal) result on eq.(35), by taking into account the (regularized)
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integration:
lim
R→∞

12
(
R
2πγ2
)4 ∫ 1
0
dx(1− x)

 ∞∑
n=1
1
(n2 + x
(
R
2piγ2
)2
)3/2






=
1
2
(
R
2πγ2
)4 ∫ 1
0
dx(1− x) 1
2π3/2x
(
R
2piγ2
)2


∼
(
R
2piγ2
)2
4π3/2
(∫ 1
EQCD
dx(1− x)
x
)
=
(
R
2piγ2
)2
4π3/2
[−ℓn(EQCD)− 1]
= −
{(
(−ℓn(EQCD) + 1)
16π5/2γ2
)}
R2. (40)
Here EQCD is the underlying cut-off on the “Feynman” parameters x (EQCD ≤ x ≤ 1).
It is worth remark that the regularization parameters will be absorbed in the bare extrin-
sic coupling constant γ2 (somewhat related to the Q.C.D(SU(∞)) coupling constant γ2 =
(g∞)2(〈0|F 2|0〉SU(∞)). Namelly:
1
γ2bare
(E) = 1
γ2bare
((ln EQCD) + 1).
The contribution of this term to the phenomenological ‘´interquark potential” on the ex-
trinsic string theory is exactly given below (to be added to the pure Nambu-Goto term eq.(18).
V extrinsic(R) = −
(
(D − 2)
6
· π
R
)
+
(
(D − 2)
2
· 1
γ2ren
)
−
((
(D − 2)
4π
· 1
γ4ren
)
R · ln(4πe−γˆ)
)
+
(
(D − 2)
4π
(
1
γ4ren
)
(R lnR)
)
+
(
(D − 2)
16π5/2
1
γ2ren
· R
)
. (41)
We think that eq.(41) is an important result on applications of string representations for
QCD, since it leads to a growing force that goes to infinite for R → ∞, confining the static
color quarks charge, certainly a real “quark confinement”, opposite to the pure Nambu-Goto
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case with a “weak confinement by a constant force. quarks are really confined if a string for
QCD holds true at the limit of large R. So a QCD point particle description should only be
phenomenological.
We comment also that such kind of behavior for the interquark potential is compatible with
a Mandelstan Gluonic propagator of the form ([8])
Dm(x− y) = 1
(2π)D/2
(∫
dDp · eiρ(x−y)[(ℓn(|p|2))/|p|4]
)
. (42)
4 Studies on the perturbative evaluation of closed Scat-
tering Amplitude in a Higher order Polyakov’s Bosonic
String Model
It is well known that Polyakov covariant string theory with exactly soluble Liouville two dimen-
sional model (the famous non critical string) has in its protocol the main hope of suppressing
the tachionic excitation of the usual Nambu-Goto string ([10], [11], [12])3.
By the other side it is less known that Polyakov-Liouville effective string theory is somewhat
phenomenological in the sense that it has already built in the assumption of “weak” two
dimensional induced quantum gravity, since one replaces its covariant path integral measure
DF [eϕ/2] ≡ ∏
ξ∈D
d(eϕ/2(ξ)) by the usual Feynman path measure DF [eϕ/2(ξ)] ∼ DF [ϕ(ξ)] when
considering the final effective Liouville-Polyakov field theory on string world-sheet.
So in this approximate scheme of non critical strings (but quite useful ([2])), we in this sec-
tion (somewhat pedagogical) introduce a somewhat toy model of higher-order two dimensional
Polyakov covariant string with improved ultra violet behavior and show the exactly solubility
of the resulting covariant Polyakov path integrations.
Let us start our analysis by considering the theory’s N -point off-shell closed Scattering
3For a detailed presentation of the Polyakov’s string path integral see §3 of [9].
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amplitude defined by the following Polyakov’s bosonic string general path integral
A(P µ1 , . . . , P
µ
N) =
∫
dcovµ[gab(ξ)]e
−µ2
2
∫
R2
(
√
g)(ξ)d2ξ
×

e
=newproposed term︷ ︸︸ ︷
−γ
2
∫
R2
d2ξd2ξ′
√
g(ξ)
√
g(ξ′)R(ξ)Kg(ξ, ξ′)R(ξ′)


×
[∫
dcovµ[Xµ(ξ)] exp
{
−1
2
∫
R2
(
√
g gab∂aX
µ∂bX
µ)(ξ)d2ξ
}]
×
{∫
R2N
N∏
i=1
[√
g(ξi) · exp(P µi Xµ(ξi))
]
d2ξi
}
. (43)
Here the covariant functional measures are the functional volume elements associated to the
functional Riemann metrics ([1], [2]. [3])
||δgab||2 =
∫
R2
[√
g((δgab)(g
aa′gbb
′
+ cgabga
′b′)(δga′b′))
]
d2ξ
||δXµ||2 =
∫
R2
[
√
g δXµδXµ](ξ)d2ξ. (44)
The Green function Kg(ξ, ξ
′) of the Laplace-Beltrami operator on the presence of the metric
gab(ξ) = e
ϕ(ξ)δab, in the conformal gauge, with a covariant cut-off already built in is given
explicitly by the Riesz-Hadamand formula ([4], [5]) on R2
Kϕ(ξ, ξ
′) =


− 1
2pi
ln(|ξ − ξ′|) ξ 6= ξ′
1
2pi
( 1E )− 12piϕ(ξ)− 12pi ln(E) ξ = ξ′
(45)
Note that eq.(3) is a direct result that in the conformal gauge gab = e
ϕ(ξ)δab the Laplace-
Beltrami operator reduces to the usual Laplace operator for ξ 6= ξ′. And for those points
ξ = ξ′, one should use the famous parameter formula of J. Hadamard for the Laplace Beltrami
Operator on R2 togheter by taking into account the fact that the geodesic distance S(ξ, ξ′) in
R2, endowed with a metric in the conformal gauge is exactly given by S(ξ, ξ′) = eϕ(ξ)|ξ− ξ′| for
ξ → ξ′.
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In other words, for ξ → ξ′, we have the regularized asymptotic behavior an RN ([5])
K(ξ, ξ′) ∼ lim
N→2
{
Γ(1
2
N)
2π(
N
2
)(N − 2)
e(2−N) ln(S(ξ,ξ
′))
}
N→2
E→0∼ 1
2π
(
1
N − 2
)
− 1
2π
ln
(
eϕ(ξ)(|ξ − ξ′|2 + E2)1/2)
|ξ−ξ′|→0∼ 1
2πE −
ϕ(ξ)
2π
− 1
2π
ln(E). (46)
In order to evaluate perturbativelly eq.(1) around the flat metric gab(ξ) ∼ δab, we consider
the following approximation on the resulting effective functional measure on the metric field by
replacing it by its weak metric feynman measure
dµ[gab] = D
F [e
ϕ
2
(ξ)]
× exp
{
−26
48
∫
R2+
1
2
(∂ϕ)2(ξ)d2ξ
}
× exp
{
−µ
2
2
∫
R2+
eϕ(ξ)d2ξ
}
× exp
{
−γ
2
2
∫
R2
(∂2ϕ)2(ξ)d2ξ
}
(replace by)∼ DF [ϕ(ξ)] exp
{
−26
48
∫
R2
1
2
(∂ϕ)2d2ξ
}
exp
{
−γ
2
2
∫
R2
(∂2ϕ)2(ξ)d2ξ
}
× exp
{
−µ
2
2
∫
R2
eϕ(ξ)d2ξ
}
. (47)
Note that we have further replaced the fourth-order (non-local) 2D gravity term by the
simple local result exposed below
exp

−γ2
∫
d2ξd2ξ′eϕ(ξ)eϕ(ξ
′)


R(ξ)︷ ︸︸ ︷
e−ϕ(ξ)∂2ϕ(ξ)

× δ(2)(ξ − ξ′)
eϕ(ξ)
(−ϕ(ξ
′)∂2ϕ(ξ))


= exp
{
−γ
2
∫
d2ξd2ξ′(∂2ϕ(ξ))
δ(2)(ξ − ξ′)
eϕ(ξ)
(∂2ϕ)(ξ′)
}
∼ exp
{
−γ
2
∫
d2ξ(∂2ϕ)2(ξ)
}
. (48)
Here we have substituted the covariant Laplace Beltrami operator Green Function by its
mathematical distributional limit δ
(2)
cov(ξ−ξ′), but for a back ground “weak metric” gab(ξ) = δab.
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In other words:
δ(2)(ξ − ξ′)
eϕ(ξ′)
∼ δ
(2)(ξ − ξ′)
1 + ϕ(ξ′) + . . .
∼ δ(2)(ξ − ξ′).
It is worth to call the reader attention that we have preserved in its integrity the Liouville
cosmological term exp
{
−µ2
2
∫
R2
eϕ(ξ)d2ξ
}
, since the main interest in this section is to present
perturbative calculations on the N -point off-shell closed scattering amplitude that show us that
such important term does not affects its pole singularities of those usual closed string scattering
amplitudes Koba-Nielsen-Virassoro result for µ2 = 0; even in presence of metric fourth-order
term as proposed by ours.
After collecting all the above results and remarks, we are lead to evaluate perturbativelly
on the Liouville-Polyakov cosmological constant µ2, the following standard Liouville-Polyakov
path integral
A˜(P1, . . . , PN) =
∫
DF [ϕ(ξ)] exp
{
−(26− d)
48π
∫
R2
1
2
(∂ϕ)2(ξ)d2ξ
}
× exp
{
−µ
2
2
∫
R2
eϕ(ξ)d2ξ
}
× exp
{
−γ
2
2
∫
R2
(∂2ϕ)2(ξ)d2ξ
}
×
{[
N∏
i=1
eϕ(ξi)
][
N∏
i=1
ei(P
µ
i ·Xµ(ξi))
]}
. (49)
By taking into account the momentum conservation on the scattering of the string excita-
tions
(
N∑
i=1
P iµ
)
≡ 0, one obtains the following Liouville path integral without the ε-covariant
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cut-off
A˜(P1, . . . , PN) =
∫
R2N
d2ξ1 . . . d
2ξN
(
exp−
[∑
i,j=1
(i 6=j)
(P iµ · P jµ)
×
(
− 1
4π
ln |ξi − ξj|2
)])
×
{∫
DF [ϕ(ξ)] exp
[
−(26−D)
48π
∫
R2
1
2
(∂ϕ)2(ξ)d2ξ
]
× exp
[
−γ
2
2
∫
R2
(∂2ϕ)2(ξ)d2ξ
]
exp
[
−µ
2
2
∫
R2
eϕ(ξ)d2ξ
]
×
(
exp
[(
N∑
i=1
ϕ(ξ1)
)
−
(
N∑
i=1
(P iµ)
2ϕ(ξi)
4π
)])}
. (50)
It is worth to point out that the zeroth order 2D quantum metric gab(ξ) = δab (ϕ(ξ) = 0),
the Liouville path integral eq.(8) produces a scattering amplitude structurally similar to the
famous Veneziano-Koba-Nielsen-Virassoro closed scattering amplitude (in the Euclidean space-
time RN )
A˜(0)(P1, . . . , PN) =
∫
R2N
d2ξ1 . . . d
2ξN

exp−

 N∑
i,j=1
i 6=j
(P iµ · P µj ) ·
(
− 1
4π
ln |ξi − ξj|2
)


=
∫
R2N
d2ξ1 . . . d
2ξN

 ∏
(i,j=1)
i 6=j
[
|ξi − ξj|
(Piµ·P
j
µ)
2pi
] . (51)
The key point of our study is the exactly path-integral evaluation of the fourth-order im-
proved Liouville path integral in a perturbative expansion in the Polyakov’s cosmological con-
stant µ2. Namelly
FLiouville(P
i
µ) ≡
∫
DF [ϕ(ξ)] exp
[
−(26−D)
48π
∫
R2
1
2
(∂ϕ)2(ξ)d2ξ
]
× exp
[
−γ
2
2
∫
R2
(∂2ϕ)2(ξ)d2ξ
]
×
{ ∞∑
n=0
(
−µ
2
2
)n ∫
R2N
eϕ(z1) . . . eϕ(zN )d2z1 . . . d
2zN
}
×
(
exp
[
N∑
i=1
ϕ(ξi)(1−
(P iµ)
4π
)
])
. (52)
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Since the above written path integral is a fourth-order Gaussian functional integral, with
correlation function given explicitly by[
26−D
48π
(−∂2) + γ2(∂2)2
]−1
(ξ, ξ′) ≡ L−1(ξ.ξ′)
≡ 48π
26−D
[(
− 1
2π
ln |ξ − ξ′|
)
− 1
2π
(
K0
(√
26− d
48πγ2
|ξ − ξ′|
))]
, (53)
one obtains the result below, with the path integral average Notation,
〈O(ϕ)〉ϕ = 1
Z
{∫
DF [ϕ]e−
1
2
∫
ϕ(ξ)Lξϕ(ξ)d2ξO(ϕ)
}
. (54)
Namely: (for each perturbative order M in µ2)
F
(M,N)
Liouville(P
i
µ) =
〈
N∏
j=1
M∏
i=1
∫
R2N
< eϕ(z1) . . . eϕ(zn) × eϕ(ξi)
(
1− (P
i
µ)
2
4pi
)〉
ϕ
=



 N∏
(t,s=1)
exp
[
+
1
2
(
1− (P
t
µ)
2
4π
)(
1− (P
s)2
4π
)
L−1(ξt, ξs)
]


×

 M∏
(h,q)
exp
[
+
1
2
L−1(zh, zq)
]
×
(
N∏
t=1
M∏
q=1
exp
[
+
1
2
(
1− (P
q
µ)
2
4π
)
L−1(ξq, ξt)
])
. (55)
We remark now that the singularities type pole (paticle string excitation that would modify
the zeroth-order Veneziano-Koba-Nielsen-Virassoro closed bosonic string dual model will come
from the “pinch” ultra-violet singularities ξt → ξs! However from the ultra-violet behavior
below depicted
lim
ξt→ξ′s
1
2π
K0
(√
26−D
48πγ2
|ξt − ξ′s|
)
= lim
ξt→ξ′s
[
+
1
2π
ln |ξt − ξ′s|+
1
2π
ln
(√
26−D
96πγ2
)
− ψ(1)
2π
]
, (56)
one can see that there is the cancealling of the logaritmic terms on eq.(12) for the “pinch”
points protocol to analyze poles on string scattering amplitudes.
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As a result, at each perturbative order M , these terms are expected to not contribute to
the bosonic closed string spectrum eq.(10).
That is the main conclusion of our section: the Polyakov proposal of a quantum bosonic
string as a theory of D (ill defined!) two-dimensional massless scalar fields interacting with
two-dimensional induced Liouville-Polyakov quantum gravity, (expected to be computationally
effective for “weak” two-dimensional quantum gravity), still does not alter the usual (tachionic)
old closed bosonic string of the Veneziano-Virassoro dual model, even with a improved ultra-
violet behavior as proposed by ours.
It appears thus that the introduction of induced quantum gravity in the Polyakov proposal,
could not alter the usual tackionic spectrum of the bosonic string, even if one considers a
somewhat “higher order” Polyakov-Liouville induced 2D quantum gravity. As a result, one
is naturally lead to consider further fermionic (intrinsic, extrinsic or supersymetric) degrees
of freedom on the string world sheet ( as in refs. [1], [6]), in oder to have string’s theories
candidate to be physically sensible (see chapter 3).
5 The interquark potential in Polyakov’s string theory
at 1
D
-expansion
In this section we wishe to consider the interquark potential evaluation in Polyakov’s string
theory at one-loop order in a 1
D
expansion in a covariant path integral framework.
Let us start our analysis by considering in a similar way to the Nambu-Goto case eq.(15-
a) ([13]); the one-loop fluactuation around the string static planar reactangle configuration
XCLµ (ξ1, ξ2) = ξ1~e1 + ξ2~e2 in the covariant Polyakov’s path integral (Ω(R,T ))
1
2πα′
∫
Ω(R,T )
d2ξ(
√
g gab∂aX
µ∂bXµ)(ξ)
=
RT
πα′
+
1
2
∫
Ω(R,T )
d2ξ(
√
g gab∂aX
µ
∂bXµ)(ξ). (57)
Here the full string vector position field on Ω(R,T ) reads as off as
Xµ(ξ) = Xµ,CL(ξ1, ξ2) +
√
πα′X
µ
(ξ1, ξ2). (58)
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Note that we have used also the orthogonality condition between the classical static quark-
antiquark string field configuration and its associated closed surface transversal fluctuations
(X
µ
(ξ);µ = 2, 3, . . . , D)
(πα′)−
1
2
∫
Ω(R,T )
d2ξ(
√
g gab∂aX
µ,CL, ∂bXµ)(ξ) = 0. (59)
After evaluating the closed field configurations covariant path integrals ([1], [9]), one obtains
the result
G[C(R,T )] = exp
{
−RT
πα′
}
×
{∫
DF [β(ξ)] exp
[
− (24−D)
48π
∫
Ω(R,T )
d2ξ
(1
2
(∂β)2
β2
)
(ξ)
]
× exp
[
− µ
2
R
2
∫
Ω(R,T )
β2(ξ)d2ξ
]
. (60)
In the 1
D
-expansion one should considers the background field decomposition around the
flat metric an Ω(R,T ) (D ≤ 24) (Appendix C)
β(ξ) = 1 +
(√
48π
24−D
)
h(ξ) (61)
which leads to the one-loop result
G[C(R,T )] = exp
{
−RT
(
1
πα′
+
µ2R
2
)}
×
− 1
2
det
Ω(R,T )
[
−∂2 + 48π
24−D µ
2
R
]
(62)
where we have supposed the “tad-pole” dimensional regularization zero condition imposed on
ours evaluation ∫
Ω(R,T )
d2ξh(ξ) = 0. (63)
On basis of the above result and eq.(35) with the identification 1
γ2
= 48pi
24−D µ
2
R on that
equation eq.(35) one obtains the large R limit of string vacuum energy (the interquarkl potential
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in this model)
Polyakov
V (R) = R
(
1
πα′
+
µ2R
2
)
+
{
− π
6R
+
1
2µ2R(E)
− 1
4π(µR(E))4 (R ln(4πe
−γˆ))
+
1
4π
· 1
µ4R(t)
(R lnR)
+
( 1
16πs/2µ2R(E)
)
R
}
. (64)
It is worth to compare the very similar functionals structure of the interquark potential on
the Nambo-Goto string and on the Polyakov’s string at D → −∞.
Another important remark to be called the reader attention is that one which gives an
representation for the scalar meson propagator entirelly in terms of a loop path integral, added
with the Nambo-Goto and Polyakov’s correction defined by the minimal surface bounded by the
above loop (an euclidean space-time trajectory of a pair quark-antiquark, at least for Nc →∞)
in this string model for the QCD(SU(∞)) vacuum (see next section)
FEQCD(|x− y|) ∼ 〈(qq¯)(x)(qq¯)(y)〉QCD(SU(∞))
=
∫ ∞
EQCD
dt
t
{∫
RD
dDk1d
Dk2
(2π)D
e−ik1xe−ik2y
∫
RD
dz
∫ t
0
dσ1
∫ t
0
dσ2
×
[ ∫
Cµ(0)=Cµ(t)=zµ
DF [Cµ(σ)]e+ik1C(σ1)e+ik2C(σ2) exp
(
−1
2
∫ t
0
(Cµ(σ))2dσ
)
×
∫ ∞
0+
dA
(
exp
{
− (26−D)
48π
[ ∫ A
0
dξ1
∫ t
0
dξ2(
1
2
(∂ϕ¯)2 +
µ2
2
eϕ¯)(ξ1, ξ2)
]}
× exp
{
− 1
2πα′
∫ A
0
dξ1
∫ t
0
dξ2(e
ϕ¯)(ξ1, ξ2)
})]}
. (65)
Here
ϕ¯(ξ) = ln[h(Xµ,CL(ξ))] (66)
and the minimal surface is an the conformal gauge (see discussion on §2).
We will attempt to evaluate eq.(65) elsewhere.
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Finally eq.(65) preserves its structural functional form for strings moving on curved space-
time with metric Gµν(X
α) ([1]). We only need to make the replacements:
hCLab (X
µ,CL(ξ)) = ∂aX
µ,CL(ξ)Gµν(X
CL(ξ))∂bX
ν,CL(ξ) (67-a)
and the minimal surface equation on the ambient Riemann Manifold space-time
∆hX
µ,CL + hab(Xµ,CL(ξ))Γµβγ(X
µ,CL(ξ))
× ∂aXβ,CL(ξ)∂bXγ,CL(ξ) = 0 (67-b)
Xµ,CL(ξ)
∣∣∣
∂ϕ
= Cµ(ξ), (67-c)
here Γµβγ are the Christoffel symbols associated to the ambient Manifold Gµν(X
α).
Let us conjecture that even in the presence of a Blach-Hole metric, One still has color charge
confinement and string structures for QCD(SU(∞)!).
Anyway we study the above mentioned case of an ambient external Riemannian metric at
one-loop case but now on the more easily handled Nambo-Goto string path integral.
In this case we have the one-loop approximations (weak fluctuations of the space-time metric
around the flat metric)
Xµ(ξ1, ξ2) = ξ1~e1 + ξ2~e2 + (
√
πα′)Y µ(ξ1, ξ2) (68-a)
Gµν(X
α(ξ1, ξ2) ≈ δµν − πα
′
3
[Λ(δαβδµν − δµβδαν)](Y αY β)(ξ). (68-b)
Here the four index Riemann Tensor is taken to be of an extended deSitter-Metric with
negative cosmological constant Λ.
In this case, straightforward evaluations lead us to the 2D-intrinsic metric components
results:
h00(ξ1, ξ2) =
[
(1 + ∂ξ1Y
µ∂ξ1Yµ)−
πα′
3
Λ(Y µYµ)
]
(ξ1, ξ2) (69-a)
h11(ξ1, ξ2) =
[
(1 + ∂ξ2Y
µ∂ξ2Yµ)−
πα′
3
Λ(Y µYµ)
]
(ξ1, ξ2) (69-b)
h01(ξ1, ξ2) = h10(ξ1, ξ2) = ∂ξ1Y
µ∂ξ2Yµ (69-c)
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By keeping only quadratic terms on α′, one thus gets the one-loop action:
S ∼ 1
2πα′
{∫
Ω(R,T )
d2ξ
[
1 + (πα′)(∂Y µ)2 − 2π
2
3
(α′)2Λ(Y µ)2
]}
(ξ1, ξ2)
=
1
2πα′
RT +
1
2
{∫ R
0
dξ1
∫ T
0
dξ2
[
(∂Y µ)2 +M2(Y µ)2
]}
(ξ1, ξ2). (70)
Here the effective mass parameter M2 is given explicitly
M2 = −4π
2
3
(α′)Λ > 0. (71)
As a result, one gets the following expression for the interquark potential in this one loop
evaluation
V (R) =
R
2πα′
+
{(
− (D − 2)
6
· π
R
)
+
(D − 2)
2
M2ren(E)
−
(
(D − 2)
4π
(M2ren(E))2
)
R ln(4πe−γˆ)
+
(D − 2)
4π
(M2ren(E))2(R lnR)
+
(
(D − 2)
16πs/2
)
R
}
. (72)
We point out again the comnonality of the functional terms of eq.(72), eq.(64) and eq.(41).
The result eq.(72) may be the reason behind of the conjecture about strings moving in
background Riemman geometries should represents some regime of the QCD(SU(∞)) string.
However more extensive work on this equivalence is needed.
6 Area functional as vacuum structures for QCD(SU(∞))
One of the most interesting speculations on QCD(SU(∞)) is that the vacuum functional loop
wave functions are area functionals, which by its turn signals out the color charge confinement
of quarks and gluous ([1], [2]).
The first step to arrive at such results, one should consider the loop wave equation for
QCD(SU(∞)) for frozen quark spin dynamics, which means the Migdal-Makeenko loop wave
equation for the QCD(SU(∞)) Wilson Loop for non self-intersecting loops ([2]).
∂zµ
δ
δσµν(z)
(W [Cµ]) = (g
2
∞(a
2))
∮
C
δ(D)(zµ − Cµ(σ))W [Cµ]. (73)
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Here g2∞(a
2) should be some sort of large Nc → ∞ dimensionally transmuted QCD coupling
constant.
Let us thus search for a solution of eq.(68) by means of a loop distributional calculus
W [C := exp
{
−b
∫
S
dσαβ(x)δ(D)(x− y)dσαβ(b)
}
. (74)
Let us evaluate te parameter b, in order tod eq.(74) satisfies eq.(73).
Firstly we note that
δ
δσµν(z)
W [C] =W [C]
{
−2b
∫
S
δ(D)(z − y)dσµν(y)
}
. (75-a)
We also have the thistributional result at the surface boundary ∂S = C
∂zµδ
(D)(zµ −Xµ(ξ)) = − δ
δXµ(ξ)
δ(D)(zµ −Xµ(ξ)). (75-b)
Note that
dσαβ(x) = ζαβ(X(ξ))δ(D)(x−X(ξ))d2ξ (75-c)
which produces the result (S = Xµ(D))
∂zµ
δ
δσµν
(ξ)W [C] = +2bW [C]
[∫
D
δ(D)(zµ − yµ(ξ))
(
δ
δXµ(ξ)
ζµν(X(ξ))
)
d2ξ
]
. (76)
Note that the loop functional derivation of the surface area tensor ζµν(X(ξ)) is made at the
boundary of S, which is C (a non self-intersecting loop!). Its result reads ([1])
ζµν(X(ξ))
∣∣∣
Xµ(ξ)=Cµ(ξ)
= (CµC˙ν − C˙µCν)(σ). (77)
It yield thus
δ
δCµ(σ)
([CµC˙ν − C˙µCν ](σ)) = 2δ(ε)(0)C˙ν(σ). (78)
Here δ(ε)(0) is a regularized form of the delta function at zero argument ([1]), the so called
Nielsen-Olesen QCD(SU(∞)) vacuum.
Collecting togheter all the below written distributional loop-surface operational calculus,
one gets finalls
∂zµ
δ
δσµν(ξ)
W [Czz] =W [Czz](4bδ
(ε)(0))
(∮
Czz
δ(D)(zµ − Cµ(σ))C˙ν(σ)dσ
)
. (79)
26
Let us thus choose the b parameter on eq. (74) (in the notation of ref. ([1])) by introducing
a dimensional QCD coupling constant
b =
lim
Nc→∞
(g2Nc)
4δ(ε)(0)
:=
g2∞(a)
a2
. (80)
By using again the operational distributional surface rule for non self-intersecting surfaces
δ(D)(Xµ(ξ)−Xµ(ξ′)) := δ(2)(ξ − ξ′)
/
(h(X(ξ))D/8 (81)
and the relationship
ζµν(Xα(ξ)) · ζµν(Xα(ξ)) = 1
dσµν(Xα(ξ)) =
√
h(Xα(ξ)) · ζµν(Xα(ξ)) (82)
one gets the Nambo-Goto area functional as formal and non perturbative wave functionals for
the QCD(SU(∞)) vacuum at D = 4
W [C] = exp
{
− g
2(a)
a2
∫
D
d2ξ′
∫
D
d2ξ(
√
h(X(ξ))) · ζµν(X(ξ))
× d
(2)(ξ − ξ′)
(
√
h(X(ξ)))
(
√
h(X(ξ′))) · ζµν(X(ξ′))
}
= exp
{
−g
2(a)
a2
∫
D
d2ξ
√
h(X(ξ))
}
. (83)
The identification with string theory wave functionals should be made through the relation-
ship
g2∞(a
2)
a2
=
1
2πα′
. (84)
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Appendix A: The distributional limit of the Epstein
function
Let us try to evaluate (in some yet undiscovered asymptotic distributional theory) the limit
of large a of the so called Epstein function for s ∈ R
Sepstein(s, a
2) =
∞∑
n=1
1
(n2 + a2)s
=
1
Γ(s)
(∫ ∞
0
Us−1e−a
2U2e−Un
2
dU
)
=
1
Γ(s)


∫ ∞
0
Us−1 · e−a2U2 · Tr

C2([0, 1])
Dirichlet


(
e
−U
(
−d2
dξ′
))

 . (A-1)
For a→∞,k certainly U → 0 on the U -integrand, and the Seeley asymptotic expansion for
the second-order operator − d2
dz2
holds true.
Theta is:
Seps(s, a
2)
a2→∞∼ 1
Γ(s)
[∫ ∞
0
dU · Us−1e−Ua2 1
4πU1/2
]
a2→∞∼ 1
4πΓ(s)
[∫ ∞
0
dU · Us− 32 e−Ua2
]
a2→∞∼ 1
4πΓ(s)
[
Γ(s− 3
2
+ 1)
(a2)s−
3
2
+1
]
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Appendix B: Integral Evaluation
Let us elementarly evaluate the following integral∫ 1
0
dx(1− x) 1
(a2 + xb)3/2
=
∫ 1
0
dx
(a2 + xb)3/2
−
∫ 1
0
dx
x
(a2 + xb)3/2
(x= v−a
2
b
)
=
1
b
(∫ a2+b
a2
dv · v− 32
)
− 1
b2
(∫ a2+b
a2
dv · v− 12
)
− a
2
b2
(∫ a2+b
a2
dv · v− 32
)
=
[
(a2 + b2)−
1
2
(
−2
b
+
2a2
b2
)]
+
[
2
ab
+
2a
b2
− 2a
b2
]
− 2
b2
(a2 + b)1/2
=
(
−2b+ 2a
2
b2
)
1
(a2 + b)1/2
+
2
ab
− 2
b2
(a2+b)
1/2. (B-1)
As a consequence (µ2 = n2)∫ 1
0
dx(1− x) 1
(µ2 + xa2)3/2
= −
(
2
a2
)(
1
(µ2 + a2)1/2
)
+
1
a4
· 2µ
2
(µ2 + a2)1/2
+
2
a2µ
− 2
a4
(µ2 + a2)1/2. (B-2)
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Appendix C: On the perturbative evaluation of the bosonic
string closed scattering amplitude on Polyakov’s frame-
work
The fundamental observable on Polyakov’s bosonic string theory ([1], [2]) is the closed
scattering amplitude which is given explicitly by the covariants 2D induced quantum gravity
path integral in moments space
A˜(P 1µ , . . . , P
N
µ ) =
N∏
j=1
[∫
d2ξj ×
(
1
Z
∫
DF [ρ¯(ξ)]
× exp
{
−(26−D)
12π
∫
R2
(
1
2
(
∂aρ¯
ρ¯
)2)
(ξ)d2ξ − 1
2
µ2R
∫
R2
ρ¯2(ξ)d2ξ
}
× exp
{
N∑
j=1
2 ln(ρ¯(ξj))
}
× exp

−
N∑
(i,j)=1
(P iµ · P jµ)RNK(ε)(ξi, ξj)





 . (C-1)
Here the covariant regularized Polyakov’s Green function is given explicitly by eq.(3) (with
the identification (ρ¯(ξ))2 = eϕ(ξ)).
After substituting eq.(3) into eq.(1-a), one obtain the outcome expressed now as a sigma
model like perturbativelly renormalizable path integral defined by a trully Feynman measure
DF [ρ¯(ξ)] ([1], [9]).
We have thus to evaluate in term of the 1
D
-expansion, the natural perturbative parame-
ter expansion on two-dimensional quantum gravity applied for quantum strings with domain
parameter being R2 (closed string) (see footnote)
ρ¯(ξ) = 1 +
(
12π
26−D
)1/2
h(ξ). (C-2)
Here we have considered our classical background metric, the flat metric gab(ξ) = 1δab on
R
2, as it should be in Einstein like gravitation theories.
At one-loop order, one arrives at the following path integral (with the normalization factor
Z = 1).
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The full 1
D
expanded path integral is given by
Z =
∫
DF [h] exp
{
−1
2
∫
R2
[
(∂h)2
( ∞∑
n=1
(−1)n−1nεn−1hn−1
)]
(ξ)d2ξ
}
× exp
{
−µ2
∫
R2
h2(ξ)d2ξ
}
(C-3)
with the orthogonal constraint of the fluctuating piece h(ξ) in relation to the flat R2 background∫
R2
h(ξ) · 1 · d2ξ = 0. (C-4)
From the usual renormalization power counting interactions of the form ((∂h)2hm)(ξ) have
the renormalization index r =
(
(D−2)
2
)
b + (D−1)
2
f + δ − D for an interaction of general for
g(∂)δφbψF . In our case g = ε, D = 2, f = 0, δ = 2, b = m, which leads to the theory’s
renormalizability r = 0 in R2.
A(P 1µ , . . . , P
N
µ ) =
1
2
{∫
DF [h] exp
(
−1
2
∫
R2
[(∂h)2 + µ2h2](ξ)d2ξ
)}
×

(ε)(
N∑
j=1
(P jµ)
2)
×
∫
R2
N∏
j=1
d2ξj
(∏
1<j
|ξi − ξj |
(Piµ·P
j
µ)
2pi
RN
)

×
[
N∏
j=1
exp
(
2
(
12π
26−D
)1/2(
1− (P
j
µ)
2
4π
)
h(ξj)
)]
. (C-5)
Here we remark the use of the one-loop approximation on the object
(
ε =
(
12pi
26−D
)1/2)
[
N∏
j=1
(ρ¯(ξj))
2(1− (P
j
µ)
2
4pi
)
]
=
[
N∏
j=1
e2(1−
(P
j
µ)
2
4pi
) ln(1+εh(ξj))
]
one-loop order∼
{
N∏
j=1
exp
[
2ε
(
1− (P
j
µ)
2
4π
)
h(ξj)
]}
. (C-6)
At this point one can see that at a perturbativelly renormalized “ 1
D
expansion” (D → −∞)
([1], [9]), the contribution of the Liouville-Polyakov”’s dynamics is a multiplication factor as
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given below (
N∑
j=1
(P jµ)
2 = 0 for a physical elastic string excitation scattering)
A˜(P 1µ , . . . , P
N
µ ) =
∫
R2
d2ξj
[
N∏
i<j
|ξi − ξj|(
Piµ·P
j
µ
2pi
)
RN
]
exp


N∑
i<j=1
2ε2︷︸︸︷
24π
(26−D)(1− (P
i
µ)
2)(1− (P jµ)2)
×
(
1
2π
K0(µR|ξi − ξj|)
)}
. (C-7)
By considering ε→ 0 (D → −∞), one re-obtains the well-known A.M. Virassoro-B. Sakita
closed scattering from the old dual models.
Another useful remark is that the behavior of eq.(5-a) for ξi → ξj is the same of the
Virassoro-Sakita result, implying, thus, that by just taking into account the Liouville-Polyakov
degree of freedom on Bosonic Srings does not alter the poles of the scattering amplitudes, so
leasing to the same drawbacks of the old theory.
We conclude that nonperturbative effects (or others intrinsic degrees of freedom ([1])) must
be taken into account to remove the tachion from the Polyakov Bosonic string spectrum ([1]).
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Note Added
We wishe to make some remarks to clarify the text:
1) It is important to remark for the reader to not confuse our perturbative expansion on terms of
the string constant tension α′ with the string unitarity corrections on the underlying S-matrix
for the string’s excitations which is taken into account by considering the topological-genus
expansion of M. Virassovo–A. Alexandrini in the string path integral.
2) It is also charifying to remark that the equivalence between the extrinsic string coupling
constant in our paper is made on basis of ref. Luiz C.L. Botelho – “String wave equations in
Polyakov’s path integral framework” – J. Math Phys. Vol 30, No. 9, September 1989, eqs.
(25b), (29-a), (29-b) Appendix B; and the study of ref. A.I. Karanikos and C.N. Ktorides –
“Surface Self-Intersections and Instantons” – Physics Letters 235B, No. 1,2, 1990 – eqs. (17),
(29), where this relationship is taken on a regularized form for the surface’s self-intersections.
See also discussions on Section 6 of this paper.
3) It is worth to call attention that scalar amplitudes on string theory are not in principle tachi-
ans amplitudes. This kind of identification is done, on the Polyakov’s path integral framework,
only after the writing of the associated poles on-shell of the strings scalar amplitudes. See for
instance the basic reference:
Yadin Goldschimidt and Chong-I Tan:
“Saddle point analysis of Pomeron Singularities in Polyakov’s string theory” – Phys. Rev.
Lett 114B, No. 4, 1982, eq.(25).
4) The well-known statistical mechanics of Ising Lattice Models at 1
D
expansion is generalized
easily to A.M. Polyakov’s string path integral, after the extrinsic-ambient string degrees of
freedom are functionally integrated out. See Luiz C.L. Botelho – “A Scattering Amplitude in
Quantum Geometry of fermionic strings”, Physics Letters 152B, No. 5,6, eq.(16), (17) and B.
Durhuus, P. Olesen, and J.L. Petersen, Nucl. Phys. B198, 159, (1982).
5) On the possible (but not mysterious!) connection between the target space dimension and
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the rank of the QCD gauge group on the Polyakov’s string path integral see ref. Luiz C.L.
Botelho – “The D → −∞ Saddle-point spectrum analysis of the open bosonic Polyakov string
in RD × SO(N), Physical Review 35D, No. 4, (1987), pp. 1515–1518, and cited references.
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